Exact solutions of the Richards equation with nonlinear plant-root extraction by Broadbridge, Philip et al.
University of Wollongong 
Research Online 
Faculty of Engineering and Information 
Sciences - Papers: Part B 
Faculty of Engineering and Information 
Sciences 
2017 
Exact solutions of the Richards equation with nonlinear plant-root 
extraction 
Philip Broadbridge 
La Trobe University, pbroad@uow.edu.au 
Edoardo Daly 
Monash University 
Joanna M. Goard 
University of Wollongong, joanna@uow.edu.au 
Follow this and additional works at: https://ro.uow.edu.au/eispapers1 
 Part of the Engineering Commons, and the Science and Technology Studies Commons 
Recommended Citation 
Broadbridge, Philip; Daly, Edoardo; and Goard, Joanna M., "Exact solutions of the Richards equation with 
nonlinear plant-root extraction" (2017). Faculty of Engineering and Information Sciences - Papers: Part B. 
851. 
https://ro.uow.edu.au/eispapers1/851 
Research Online is the open access institutional repository for the University of Wollongong. For further information 
contact the UOW Library: research-pubs@uow.edu.au 
Exact solutions of the Richards equation with nonlinear plant-root extraction 
Abstract 
The Richards equation, commonly used to model water flow in unsaturated soils, is highly nonlinear, thus 
making it very challenging to solve analytically for situations meaningful in practical applications. The 
inclusion of realistic forms of root-water uptake rates in this equation adds complications in deriving 
exact solutions. This study provides for the first time analytical solutions of the Richards equation with a 
sink term nonlinearly dependent on soil water content. These solutions are applied to irrigation furrows, 
using Cartesian coordinates, and irrigation from a circular plate, in cylindrical coordinates. 
Disciplines 
Engineering | Science and Technology Studies 
Publication Details 
Broadbridge, P., Daly, E. & Goard, J. (2017). Exact solutions of the Richards equation with nonlinear plant-
root extraction. Water Resources Research, 53 9679-9691. 
This journal article is available at Research Online: https://ro.uow.edu.au/eispapers1/851 
RESEARCH ARTICLE
10.1002/2017WR021097
Exact Solutions of the Richards Equation With Nonlinear
Plant-Root Extraction
Philip Broadbridge1 , Edoardo Daly2 , and Joanna Goard3
1Department of Mathematics and Statistics, La Trobe University, Melbourne, VIC, Australia, 2Department of Civil
Engineering, Monash University, Melbourne, VIC, Australia, 3School of Mathematics and Applied Statistics, University of
Wollongong, Wollongong, NSW, Australia
Abstract The Richards equation, commonly used to model water flow in unsaturated soils, is highly non-
linear, thus making it very challenging to solve analytically for situations meaningful in practical applica-
tions. The inclusion of realistic forms of root-water uptake rates in this equation adds complications in
deriving exact solutions. This study provides for the first time analytical solutions of the Richards equation
with a sink term nonlinearly dependent on soil water content. These solutions are applied to irrigation
furrows, using Cartesian coordinates, and irrigation from a circular plate, in cylindrical coordinates.
1. Introduction
Soil water dynamics in the unsaturated zone is central to the hydrologic cycle of vegetated ecosystems, and
the ability to model soil moisture and its interaction with vegetation has important applications in climate
science, agriculture, and ecosystem management (Daly & Porporato, 2005).
Soil moisture experiences changes across the unsaturated zone driven by inflows of water via infiltration
from the surface, due, e.g., to rainfall and irrigation, and outflows caused by evaporation and root water
uptake. The most commonly used model for soil moisture dynamics is represented by the Richards equa-
tion, which combines the Darcy’s law extended to unsaturated soils with mass conservation (e.g., Hillel,
1998). The solution of this equation, both analytical and numerical, is complex because of the strong nonlin-
ear relationships that link soil moisture to soil hydraulic conductivity and matric-potential (e.g., Hillel, 1998).
Several exact solutions of a linearized form of the Richards equations are available for specific cases in
steady-state conditions. Examples not including root water uptake refer to infiltration and evaporation from
strip sources (Batu, 1978, 1982, 1983). Waechter and Philip (1985) solved two and three-dimensional prob-
lems of seepage from spherical and cylindrical cavities using an elegant analogy with the scattering of plane
pulses and harmonic waves (Philip, 1989; Philip & Knight, 1997). Raats (1976) solved for steady vertical flow
from a water table, subject to distributed uptake by plant roots. Lomen and Warrick (1976) derived solutions
of the one-dimensional Richards equation in steady conditions including a sink term linearly dependent on
the matric flux potential; a similar sink function was used by Philip (1997) to extend the scattering-analog to
cases with root water uptake.
Time-dependent solutions are less common. One interesting exception is represented by the work of Broad-
bridge and White (1988) and Sander et al. (1988), inspired by Fokas and Yortsos (1982). They provided inde-
pendently a solution of the one-dimensional nonlinear Richards equation with constant infiltration rates at
the surface using realistic forms of soil diffusivity and conductivity dependent on soil water content. These
solutions have been extended to two and three dimensions (Edwards & Broadbridge, 1994) and, again in
one-dimension, to time-varying infiltration (e.g., Barry & Sander, 1991; Warrick et al., 1991). Broadbridge
(1999) derived a solution to the nonlinear Burgers model when plant root extraction decreases with depth
due to diminishing plant root density. Yuan and Lu (2005) solved a linear model, with constant diffusivity,
for vertical flow under time-dependent flux boundary conditions, through the root zone.
Despite these efforts, time-dependent solutions of the nonlinear Richards equation with realistic root water
uptake rates dependent on soil water content have not previously been available. Existing solutions might
be applied, for example, to some potted plants (Gardner & Ehlig, 1963) and dry-land Eucalypts in natural
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forests (Talsma & Gardner, 1986), where it has been found that evapotranspiration rate varies little with
water content, except near wilting conditions at an extraordinarily low water content. In those cases, root
water uptake depends mainly on depth. On the other hand, for many horticultural crops, water content is
more critical. For those species, it is of some interest to model the root water uptake as a function of the
soil water content alone. This is the main focus of the present study.
2. Model Description
The standard continuum model for unsaturated flow in the presence of a web of plant roots is (Feddes
et al., 1976; Jarvis, 1989; Molz, 1981; van Lier et al., 2008)
@hðr; tÞ
@t
52r  V2Rðh; r; tÞ
5r  DðhÞrh½ 2 dKðhÞ
dh
@h
@z
2Rðh; r; tÞ;
r 2 X  R3 and t 2 ½0; t2Þ;
(1)
where h is the volumetric water content, V is the volumetric flux density, R is the root water uptake rate, D
is the soil-water diffusivity, and K is the hydraulic conductivity; the region X is compact and connected, r is
the usual gradient operator, and t2 > 0. The soil-water diffusivity is DðhÞ5KðhÞdWðhÞ=dh, where, in Bucking-
ham’s extension of Darcian flow (Philip, 1969), W in the unsaturated zone is the negative-valued soil-matric
potential energy per unit weight of water, replacing the hydraulic pressure head in the saturated zone.
The plant-root extraction term, 2R 2 ð2Rs; 0 with Rs  0, depends on h 2 ½0; hs (hs being the water con-
tent at saturation), the depth z below the soil surface (z is positive downward), and time, as root water
uptake is driven by atmospheric variables with daily cycles. The direct dependence on time will not be con-
sidered here. At low moisture contents near the wilting point, where water uptake closes down, RðhÞ is very
low and close to zero. As soil moisture increases, RðhÞ strongly increases as well, whereas at high water con-
tents it varies little from the potential extraction rate, Rs. Accordingly, RðhÞ may be represented by a convex
function (R00ðhÞ < 0) or sometimes by a logistic function with R0050 near the wilting point.
2.1. Kirchhoff Transformation
The governing equation is expressed more simply in terms of the matric flux potential, which results from
the Kirchhoff transformation used in nonlinear heat conduction,
l5
ðh
0
DðhÞdh: (2)
In terms of l, the flow equation is
FðlÞ @l
@t
5r2l2GðlÞ @l
@z
2RðlÞ;
where
RðlÞ  RðhðlÞÞ; FðlÞ51=DðhÞ; GðlÞ5 1
DðhÞ
dK
dh
: (3)
The Gardner soil model (Gardner, 1958), in which K5KseaW , is a widely accepted standard model with the
two independent parameters measurable in the field (e.g., Simunek & Van Genuchten, 1996). The Gardner
relation applies even when both DðhÞ and KðhÞ are nonlinear, provided
K 0ðhÞ5aDðhÞ; (4)
with a constant, which will be assumed here within the solved models. In the Darcy-Buckingham
formulation,
D5K
dW
dh
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5K
dW
dK
dK
dh
5
K
dK=dW
dK
dh
:
For any Gardner soil, the right hand side of the above is K 0ðhÞ=a, leading to equation (4). For the Gardner
soil with distributed root water extraction, the flow equation reads,
@hðr; tÞ
@t
5r  DðhÞrh½ 2aDðhÞ @h
@z
2RðhÞ; (5)
and, using l,
FðlÞ @l
@t
5Ll2RðlÞ5r2l2a @l
@z
2RðlÞ: (6)
In the absence of the plant-root sink term (i.e., R 5 0), this leads to a linear Kirchhoff equation for the
steady-state matric flux potential, not only in one dimension (Gardner, 1958) but in three dimensions
(Waechter & Philip, 1985):
Ll5r2l2a @l
@z
50: (7)
For transient time dependent solutions, a common device is to further assume that D is constant and RðlÞ
is linear. The linear model is often inadequate in practice. Within the current mathematical framework, such
assumptions of linearity are not necessary. Here we construct a time-dependent fully nonlinear model in
three dimensions, that admits analytic solutions.
2.2. Reduction to the Kirchhoff-Helmholtz Equation
The problem simplifies when it is expressed in terms of normalized dimensionless variables as
H5h=hs ; r5r=‘s ; t5t=ts;
where ‘s is the sorptive length scale a21 and ts is the gravity time scale ts5hs=aKs51=a2 D , where D is the
mean diffusivity. Then,
@H
@t
5r  ðDðHÞrHÞ2D
@H
@z
2RðHÞ;
1
D
@l
@t
5r2l2
@l
@z
2RðlÞ;
(8)
where r5a21r; D5D=D5a2tsD; RðHÞ5RðhÞts=hs5RðlÞ; l5a2tsl=hs. Hereafter, nondimensional vari-
ables will be used, but for convenience the asterisk will be omitted.
Equations (6) and (8) are of the general form
1
DðlÞ
@l
@t
5Ll2RðlÞ; (9)
where L is a linear elliptic operator. Nonclassical symmetry classification (Goard & Broadbridge, 1996) identi-
fied cases of DðlÞ and RðlÞ for which there exist solutions of the form
l5eAtUðrÞ; (10)
which is invariant under translation in t combined with scaling of l. This effectively means that U is the ini-
tial condition for l, which subsequently decreases in time at the same exponential rate everywhere.
Substituting equation (10) in equation (9),
Ll5A
l
D
1RðlÞ:
If a combination of DðlÞ and RðlÞ is chosen such that in the above the right hand side is 2jl ðj 2 RÞ, then
it remains for l to satisfy a linear equation
Water Resources Research 10.1002/2017WR021097
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Ll1jl50:
Although equation (9) is nonlinear, it admits separation of variables to a linear system
LU1jU5r2U2Uz1jU50 with l5eAtUðrÞ; (11)
provided D and R are related by
2RðlÞ5Al=DðlÞ1jl: (12)
In the sense of Doyle and Vassiliou (1998), this is a form of functional separation of variables lðhÞ5eAtUðrÞ
for the original equation (1). This possibility was applied to various useful forms of standard reaction-
diffusion equations in which L is the Laplacian operator (Broadbridge & Bradshaw-Hajek, 2016; Broadbridge
et al., 2015). It still applies in the current application when L is the Kirchhoff operator r22@=@z: When
j 5 0, equation (11) reduces to the linearized form of the Richards equation in steady-state conditions (e.g.,
Philip, 1989). This means that existing solutions of the Richards equation at steady state can be also inter-
preted as the initial condition of a time-dependent solution, with appropriate boundary conditions, for
which the root water uptake satisfies equation (12).
In terms of the concentration variable, H, equation (12) reads
2RðHÞ5 j1 A
DðHÞ
  ðH
0
Dð HÞ d H
 
: (13)
This gives an explicit construction of RðHÞ from DðHÞ. Just as the relationship implied by the Gardner
model, K 0ðhÞ5aDðhÞ, allows the mathematical linearization of the steady-state Richards equation for
l5NðrÞ, the restriction (13) allows linearization of reaction-diffusion equations for temporally varying solu-
tions of the form l5exp ðAtÞUðrÞ. The relation (13) is part of a mathematical device, rather than a constitu-
tive law for the adaptation of plant-root water extraction to soil-water diffusivity. That being said, it will be
demonstrated that this relation is consistent with some reasonable models for plant-root water extraction
as well as soil hydraulic properties.
In the current application, we require D  0; D0ðHÞ > 0; R0ðHÞ > 0 for 0 	 H 	 1; Rð0Þ50 and R00ð1Þ < 0.
The latter ensures that the plants are not vulnerable to small decreases in water content when the soil is
close to being saturated. Table 1 lists some feasible extraction terms RðHÞ, along with soil water hydraulic
transport coefficient functions DðHÞ and KðHÞ that are consistent with the mathematical separation of vari-
ables. Note that in Gardner soils, KðHÞ is equal to
ÐH
0 D dH and the soil-water matric potential WðHÞ is
Table 1
Combinations of Dimensionless Soil Water Diffusivity, D5a2tsD, Hydraulic Conductivity K5K=Ks and Root Water Uptake
Rate, R, That Admit Nonclassical Scaling Symmetry
Model DðHÞ KðHÞ 2RðHÞ
I mem21 e
mH emH21
em21
j
em21 ðemH21Þ1 Am ð12e2mHÞ
II msinh ðmÞ cosh ðmHÞ
sinh ðmHÞ
sinh ðmÞ j
sinh ðmHÞ
sinh ðmÞ 1
A
m tanh ðmHÞ
III msinh ðmHÞcosh ðmÞ21
cosh ðmHÞ21
cosh ðmÞ21 tanh ðmH=2ÞðAm 1j
sinh ðmHÞ
cosh ðmÞ21Þ,
IV c1 AR0
exp BH1
A
R0
Hexp BHð Þ
 
exp ABR0 Ei
B
Hð Þ
  c1 exp AR0Hexp BHð Þ
 
exp ABR0Ei
B
Hð Þ
  R0e2B=H .
Note: The parameters A< 0, m> 0, B> 0, and R0 < 0 are arbitrary real constants; Ei is the exponential integral. The
following restrictions apply to parameter values:
Model I: jjj < 2Am e2mð12e2mÞ,
Model II: 2A sinh ðmÞm cosh 3ðmÞ < j <
2A sinh ðmÞ
m cosh 3ðmÞ,
Model III: Am
tanh 3ðm=2Þ
cosh ðmÞ 	 j 	 2A2m
sinh ðm=2Þ
cosh 3ðm=2Þ
Model IV: B< 2. j50; c15
exp AR0
B Ei ðBÞ
 
exp AR0 exp ðBÞ
 
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proportional to ln ðKðHÞÞ. In the following text, c1 and c2 signify arbi-
trary real constants. Some relevant solutions of the last model in
Table 1, with Arrhenius reaction term that has a useful interior inflec-
tion point, were given in Broadbridge et al. (2015). For any of these
models, supplemented by K 0ðHÞ5DðHÞ, the equation for U is the
Kirchhoff equation (equation (11)) with a scaled to 1. In principle,
this can be solved on an arbitrary domain.
The relationships in Table 1 between H and both the soil hydraulic
conductivity and soil-water matric potential compare favorably with
more traditional ones. Figure 1 shows a comparison between the
first three models in Table 1 and the commonly used model by van
Genuchten (1980), according to which
jWj5 ðH
2m21Þ1=n
avG
K5
ffiffiffiffi
H
p
½12ð12H1=mÞm2;
where avG and n are empirical parameters and m5121=n. For exam-
ple, the models I-III in Table 1 with m 5 8 and different values of the
parameter A are comparable to a soil with nvG 5 2 and avG varying
between 1 and 1.5; these are common values in loam and silty loam
soils. In Figure 1, the relationship derived by Ghezzehei et al. (2007)
to relate the parameter a of the Gardner’s soil to avG was also tested.
The models I-III also lead to meaningful root water uptake functions.
The root water uptake rate remains close to its maximum rate when
the roots are in well watered conditions; below relative soil water
content between 0.2 and 0.4, when the roots start experiencing
water stress, the root water uptake rate decreases sharply to eventu-
ally stops when the soil becomes very dry.
Within the exact solution scheme, a choice of realistic root water
uptake function will lead to a soil-water diffusivity function that may
not be as realistic as those used in familiar phenomenological mod-
els. As in all mathematical models, there will be an associated
modeling error in the prediction of water distribution. For example,
we could compare the steady-state water distributions predicted
exactly by Richards equation for two Gardner soils ðK5eW Þ with
two different types of diffusivity function D1ðHÞ and D2ðHÞ. Even
though the steady state for matric flux potential lðrÞ is uniquely
determined within the suite of Gardner models, the conversion of l
to H depends on the shape of the diffusivity function. For Model I of
Table 1,
H5
1
m
ln ð11½em21lÞ; (14)
whereas for the more realistic Gardner-Russo model (e.g., see p. 65
of Warrick (2003)),
H5l1=ðp12Þ 12
1
2
ln l
 2= p12ð Þ
; p > 0: (15)
The functional relationship between values of water content of the
two models is plotted in Figure 2. This function is close to the iden-
tity function but the discrepancy may be of the order of 10% relative
error.
Figure 1. Comparison between models I, II, and III in Table 1 (m 5 8) with the
soil saturation curves by van Genuchten (1980), and root water uptake rates as
a function of relative soil water content, H. The relationship a51:3nvGavG was
obtained by Ghezzehei et al. (2007).
Water Resources Research 10.1002/2017WR021097
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3. Applications
3.1. One-Dimensional Solutions
A natural question is what type of one-dimensional solutions arise from the nonclassical symmetry. The lin-
ear Kirchhoff-Helmholtz equation then reduces to the second-order ordinary differential equation with con-
stant coefficients
Uzz2Uz1jU50:
Again, dimensionless quantities are used so that a scales to 1. The general solution is of the form
U5c1e
m1z1c2e
m2z ; m1;25
16
ffiffiffiffiffiffiffiffiffiffiffiffi
124j
p
2
:
An increasing exponential leads to unacceptable boundary conditions as z !1. Therefore, j < 0 is chosen
and c150. Hence,
l5c2e
2jm2jðz1jAjt=jm2jÞ:
This is a traveling wave of velocity jAj=m2 in the upward direction of decreasing z, and with a simple
exponential profile that decreases with z. Even in these special cases of the water transport equation
(8) that satisfy (12), there are other values of velocity c for which the traveling wave solution l5f ðz2c
tÞ is not a simple exponential function. Because the Richards equation with concentration-dependent
sink term is invariant under translations in z and t, the traveling wave reduction l5f ðz2ctÞ is consis-
tent for a continuous range of values for velocity c. However, unlike the Richards equation, when the
sink term is present, there are no uniform solutions with H > 0. Hence the traveling wave solutions
do not simply interpolate two stable uniform steady states. For the general type of equation (8), the
traveling wave reduction leads to an Abel equation, whose solutions are known only in special cases.
For example,
D5cel5
c
12cH
c512e21
Figure 2. Discrepancy of water content predicted by Model I (m 5 7.0) and Gardner-Russo model (p 5 0.025). Dashed-line
displays the identity function.
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l5
ðH
0
D dH52ln ð12cHÞ
K511
ðH
1
D dH512ln
12cH
12c
 
RðlÞ512e2l
l5f ð/Þ; /5x2ct
l0ð/Þ2ln ð11l0ð/ÞÞ5l1e2l1c1
l0ð/Þ52W c2½exp ð2l2exp ð2lÞÞ11ð Þ
/5
ð
21=W c2½exp ð2l2exp ð2lÞÞ11ð Þdl;
where the penultimate line comes from the definition of the Lambert W function (e.g., Corless
et al., 1996).
3.2. Flow From Periodic Irrigation Furrows
Consider shallow irrigation furrows of width 2x0, located at the surface z 5 0, 2x0 	 x 	 x0 and spaced peri-
odically with spatial period 2‘ > 2x0 (Figure 3). Far from the boundary of the field, the array of furrows is
approximated as being infinite in extent and each furrow is approximated as being infinite in length. The
system may then be regarded as two dimensional with appropriate Cartesian coordinates (x, z). In order to
make use of nonclassical scaling symmetry, the soil-water diffusivity, hydraulic conductivity and plant-root
extraction rate are assumed to satisfy equations (4) and (12). The matric flux potential therefore satisfies, in
dimensionless coordinates,
l5eAtUðrÞ;
LU5Uxx1Uzz2Uz52jU:
(16)
The boundary conditions at the surface include prescribed uniform vertical flux through a furrow, and zero
flux through the surface between furrows, presumed to be protected by mulch:
V  êz5l2lz5eAt½U2Uz5V0ðtÞ; z50; 0 	 x < x0;
V  êz50; z50; x0 < x 	 ‘:
However, the scale-invariant solution must have V0ðtÞ5F0eAt with F0 constant. The horizontal flux across
planes of reflection symmetry (x 5 0 and x5‘) must be zero; hence, Ux50 when x 5 0 and x5‘. If we define
a reduced vertical flux variable F5U2Uz , F must satisfy
Fxx1Fzz2Fz1jF50;
Fðx; 0Þ5F0; 0 	 x < x0;
Fðx; 0Þ50; x0 < x 	 ‘;
Fxðx; zÞ50; x50; ‘:
(17)
In order to be compatible with the scaling symmetry, the boundary
condition at great depth is taken to be
z !1; Fðx; zÞ ! 0; if j < 0
z !1; Fðx; zÞ ! x0
‘
F0; if j50:
(18)
In the special case j 5 0, U is exactly the steady state matric flux
potential for infiltration without plant-root extraction, under these
piecewise constant flux boundary conditions, constructed by Batu
(1978). Therefore in that special case, the mean flux at great depth
must be the same as the mean flux at the surface.
Figure 3. Schematic of the periodic irrigation furrows with flux V0ðtÞ5F0eAt
(A< 0) at the surface.
Water Resources Research 10.1002/2017WR021097
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With j taking any value, by separation of variables F is of the form
F5
X1
n50
Ancos ðnpx=‘Þe2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
114ðnp=‘Þ224j
p
21Þz=2: (19)
In order for this to be bounded, one must choose j 	 0. From the boundary data at z 5 0,
A05F0x0=‘
and for n  1,
An5
2
np
F0sin
npx0
‘
 
:
The function Uðx; zÞ may be obtained by solving the linear differential equation U2Uz5Fðx; zÞ. Noting that
U must be bounded, and periodic in x, the solution is
U5
X1
n50
2Ancos ðnpx=‘Þ
e2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
114ðnp=‘Þ224j
p
21Þz=2
11
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
114ðnp=‘Þ224j
q : (20)
The total quantity of water delivered over all time through the top surface is 1jAj F0x0=‘. This is an equivalent
dimensionless depth H of water over the whole surface, which is then multiplied by the length scale 1a to
obtain the quantity in standard units of cm of irrigation. The dimensionless time for exponential decrease of
irrigation is 1jAj. If the target irrigation depth is to be met at this time, then
1
jAj
e21
e
x0
‘
F05H;
implying
1
jAj5
e
e21
‘H
x0F0
: (21)
This must be multiplied by the time scale ts to obtain the duration in standard units. For example, with
Brindabella silty clay loam (Perroux et al., 1981; White & Broadbridge, 1988), ts 
 0:28 h, ‘s51=a 
 7:0 cm,
Ks 
 12 cm h21 and hs 
 0:485. Taking a typical irrigation rate F051=3 (peak rate approximately 4 cm per
h in dimensional terms) applied to irrigation strips covering x0=‘5 14 of the surface to an average depth
H 5 2/7 (2 cm in dimensional terms), then 1=jAj 
 5:4 (1.5 h in dimensional terms). This might describe
the situation of daily irrigation of a field, with a crop that rapidly extracts water during the day. The crop
also extracts most of the initial water content during the day. The initial water content may be replen-
ished during nightly irrigation when the plants are dormant. With no plant-root extraction occurring dur-
ing the night, the steady state solution for matric flux potential l is given exactly by the above solution
for U with j 5 0 (Batu, 1978).
When plant-root extraction is operating during the morning’s irrigation, there is exponential time depen-
dence in l5e2jAjtU. The total flux of water delivered laterally, away from the irrigation furrow zones
2x0 	 x 	 x0, is
2
ð1
0
eAt
ð1
0
2Uxðx0; zÞdz dt
5
2F0
jAj
X1
1
sin 2ðnpx0=‘Þ
ðnpÞ22j‘2
5
1
jAj
F0
p2
X1
n51
1
n2
2
X1
n51
cos ð2npx0=‘Þ
n2
" #
1OðjÞ
5
1
jAj
F0
p2
p2
6
2p2B2
x0
‘
  
1OðjÞ;
where B2ðXÞ5X22X1 16, which is the second Bernoulli polynomial (Gradshteyn & Ryzhik, 2014).
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This total flux equals 1jAj F0
x0
‘ ½12
x0
‘ . In fact, this equality must be exact for any value of j. At large depth, the
flow is asymptotically one dimensional, with uniform vertical flux
l2lz 
 eAtðF0x0=‘Þe2ð
ffiffiffiffiffiffiffiffi
124j
p
21Þz=2:
Consequently, the fraction of delivered water that flows laterally to the region jxj > x0 is equal to the frac-
tion 12 x0‘ of the cross section surface occupied by that region. However, in practice, widely spaced furrows
might not deliver sufficient water to plants because the effective depth to one dimensionality may be
much larger than the extent of plant roots.
In order to ensure that l decreases exponentially with z, we now consider the particular case of j < 0
within the Model I of Table 1. It follows that
l5eAtUðrÞ and H5 1
m
ln ½11ðem21Þl: (22)
In the case of extensive initial soil water, it is mathematically simpler to approximate j as zero.
The selection of parameters can be based on the shape of RðHÞ. Assuming a peak root water uptake rate of
1:25  1023 h–1 (i.e. about 6 mm d–1 considering a uniform root water extraction zone of depth 400 mm
occurring over 12 h each day), with hs50:485, and ts50:28 h, the dimensionless maximum root water
uptake rate results to be about 7  1024. Therefore, the values of m and A can be selected to achieve this
maximum root water uptake rate and, at the same time, a reduction of root water uptake when the water
content reaches about 0:220:3. Figure 4a shows examples of RðHÞ for different values of m and A with j
equal to its allowed minimum value (see Table 1). As m and A increase, the minimum value of j becomes
very close to zero. Figure 4b shows the vertical profiles HðzÞ at time t50, beginning from various points ðx
; 0Þ on the surface. Figure 5 shows contours of constant water content. The driest point occurs at
ðx; zÞ5ð‘; 0Þ; Hð‘; zÞ increases until it reaches a local maximum, Hc, whose contour is a separatrix between
connected contours at H > Hc and disconnected contours at H1 < H < Hc .
From the parameters assumed in Figures 4b and 5, the exponential attenuation of water content remains
negligible until z is more than one thousand sorptive lengths, which is beyond the depth of practical soils.
On the scale of Figures 4b and 5, the solution is effectively the same as that of the model with j 5 0. At
depths of eight sorptive lengths, the water content is very close to the large-z limit H1 of the model with
Figure 4. (a) Root water uptake function using the Model I of Table 1. (b) Profiles of H at different horizontal positions
(‘51; x051=4; F052:3605) at time t50, m 5 3 and A522:1  1023, with the corresponding minimum value
j523:31  1025.
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j 5 0. At water content H1, the gravity-driven flux KðH1Þ balances the mean surface flux F0x0=‘. For the
conductivity function assumed in the Model I of Table 1,
H15
1
m
ln ½em21 x0
‘
F011
 
:
For the parameter values assumed in Figures 2b and 3b, H1 is 0.8355 to 4-digit accuracy whereas our trun-
cated series solution gives H50:83543 at a depth of nine sorptive lengths.
3.3. Axisymmetric Flow
For an axi-symmetric flow,
Uzz1Urr1
1
r
Ur2Uz1jU50; (23)
for which the separated solutions that decrease with z are of the form
U5U0e
2xðmÞz J0ðmrÞ; (24)
where J0 is the order-zero Bessel function of the first kind, and
xðmÞ52 1
2
1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
1m22j
r
; m 2 R ; j < m2: (25)
The vertical component of Darcian flux is
V  ê5l2 @l
@z
5eAt FðrÞ; (26)
where V5U2Uz .
Consider water flow through a circular region at the surface of a half-space ðz  0Þ occupied by soil, satisfy-
ing equation (23) as well as boundary conditions
Fðr; 0Þ5F0; r < r0;
Fðr; 0Þ50; r > r0;
Fðr; zÞ ! 0; z !1:
(27)
The total volume of water injected through the top surface is Q5pr20 F0=jAj:
Since the Kirchhoff equation has constant coefficients, it is also satisfied by linear combinations of its deriva-
tives, implying
Figure 5. Contours of H (left) near the surface and (right) deep in the soil in the case of periodic furrow irrigation
(‘51; x051=4; F052:3605) at time t50 with m 5 3, A520:0021, and j523:31  1025.
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Fzz1Frr1
1
r
Fr2Fz1jF50: (28)
After separation of variables, we consider a linear combination of solutions taking the form of equation (24),
that is
F5
ð1
0
aðmÞJ0ðmrÞe2xðmÞz dm; (29)
with xðmÞ given in equation (25). Now using the identity (e.g., Carslaw & Jaeger, 1959)ð1
0
J0ðmrÞJ1ðmr0Þdm5
1
r0
Uðr02rÞ;
where U is the Heaviside step function, the boundary conditions are satisfied provided aðmÞ5r0F0J1ðmr0Þ and
j 	 0.
By solving the linear equation U2Uz5Fðr; zÞ, it follows that
U5r0F0
ð1
0
2J1ðmr0ÞJ0ðmrÞ
11
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
114½m22j
p e 12 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi114½m22jp	 
z=2 dm : (30)
The total volume that flows out of the cylinder r 5 r0 isð1
0
2pr0
ð1
0
2lr dz dt52pr
2
0
F0
jAj
ð1
0
mJ21ðmr0Þ
m22j
dm:
For the case j 5 0, this integrates exactly, in terms of the generalized hypergeometric function, to
pr20
F0
jAj 121F2
1
2
; 1; 2; 2m2r20
  0
1
5pr20
F0
jAj :
That is, the entire quantity of water delivered through the supply surface (z50; r < r0) is transported later-
ally into the region (z > 0; r > r0). Noting that the vertical flux approaches zero at large depth, the water
taken up by plant roots inside the cylinder r < r0 is exactly equal to the entire initial water content. This
may have been supplied through nocturnal irrigation while transpiration was negligible. Except for the ver-
tical cylinder axis, all streamlines are unbounded in radial extent.
Contours of uniform water content are specified exactly by the mapping that follows from the construction
ðt; hÞ7!l7!U5e2Atl7!r:
4. Conclusion
There are very few, if any, known multi-dimensional transient solutions of realistic nonlinear Richards
equation models for flow in unsaturated soil with distributed plant roots. We have incorporated water
concentration-dependent plant-root sink terms RðhÞ in Gardner soil models, producing time-dependent
solutions without approximating the soil-water diffusivity DðhÞ as a constant. This is possible for some
special combinations of DðhÞ and RðhÞ that have both DðhÞ and RðhÞ increasing and RðhÞ convex at high
water contents. The convexity restriction is in keeping with observations that transpiration rates are close
to the atmosphere-controlled potential transpiration rate for a considerable range of water content
below saturation and above the wilting point. This is in contrast to the steady quasi-linear Gardner model
that requires R to be a linear function of matric flux potential, which cannot be an increasing convex func-
tion of h.
The types of model that can be solved exactly have a special scaling symmetry that forces the matric flux
potential to be exponentially decreasing in time, whereas its spatial dependence can be represented by
an arbitrary solution of a linear modified Kirchhoff-Helmholtz equation. As illustrations, we have con-
structed the solution for periodic furrow infiltration into a crop, and for infiltration through a circular sup-
ply surface into a large cropped field. However, in each case, only a finite quantity of water is supplied
over a finite time into a soil with initial water content that is close to the steady state of fractional wetting
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without plant roots. This may have been replenished at night when transpiration is not operating,
whereas the subsequent irrigation event takes place in the day when transpiration is active.
As in all exactly solvable nonlinear models, these cover only a restricted class of boundary conditions. In the
above examples, the time scale for finite irrigation is the same as the time scale for transpiration, leading to
a separation of variables whereby the matric flux potential is reduced uniformly by a function of time. The
water content, being a nonlinear function of matric flux potential, will not be reduced uniformly. However,
the concentration contours will have the same shapes and pattern at all times, as their level of water con-
tent decreases. In the case of periodic furrows, this structure includes a critical contour that first splits in
two, separating the isolated dry zone, near the furthest surface point from furrows, from the laterally
unbounded contours at greater depth, where the one dimensional approximation becomes useful.
These solutions are limited but they may provide an efficient bench test for general numerical schemes of
approximation. The analytic solutions given here, may be used to verify numerical simulations of reaction-
diffusion equations, after which one may compare the effects of varying species-dependent shapes of root
uptake function on water distribution. So far there is no analytic method for solving a multidimensional
time-dependent nonlinear Richards equation in which there is a plant-root uptake function that depends
explicitly on depth as well as water content.
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